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Abstract
Generalized quantum discord (Dq), Einstein-Podolsky-Rosen steering (S), entanglement (E), and Bell nonlocality
(N), are logically distinct quantifiers of quantum correlations. All these measures capture nonclassical aspects of
quantum states and play some role as resources in quantum information processing. In this work, we look for the
hierarchy satisfied by these quantum correlation witnesses for a class of two-qubit states. We show that N ⊲S⊲E ⊲Dq,
meaning that nonlocality implies steering, which in turn implies entanglement, which then implies q-discord. For the
quantum states under concern, we show that the invariance of this hierarchy under noisy quantum channels directly
implies a death chronology. Additionally, we have found that sudden death of all quantum resources except discord
is absent only for a subset of states of measure zero. At last, we provide an illustration of another consequence of the
aforementioned hierarchy, namely, the existence of a sudden birth chronology under non-Markovian channels.
Keywords: Bell nonlocality, EPR steering, entanglement, discord, sudden death
1. Introduction
Correlations are essential elements in physical theories. Every observation made in the laboratory is ultimately
interpreted through such conceptual connections between the prepared system and read outcome. Hence, the infor-
mation one can obtain from nature is somehow determined by how much the system of interest can get correlated, via
physical interactions, with the apparatus. Not surprisingly, therefore, correlations occupy a prominent place in infor-
mation science. As far as the “quantum versus classical” dilemma is concerned, the question naturally arises whether
the quantumness of correlations plays some distinctive role. It turns out that to date there is a significant amount of
work showing that the answer is to be given in the positive. In particular, quantum correlations have shown to be at
the core of fundamental physical arenas, from foundational phenomena, such as nonlocality [1, 2, 3], decoherence [4],
and emergent reality [5, 6], to the promising field of quantum information and computation [7, 8, 9, 10].
Entanglement emerges in this context as a class of correlations that cannot be prepared by local operations and
classical communication [11]. Believed to be the main responsible for the speed-up in quantum computation and quan-
tum communication, entanglement is essential for the realization of many subtle protocols, as for instance quantum
teleportation [12, 13, 14]. As far as mixed states are concerned, however, it is quantum discord [15, 16]—a quantifier
of measurement-induced disturbance—that appears as a more fundamental measure of quantumness, as it can assume
nonzero values even for separable states. Like entanglement, quantum discord has been shown to be a physical re-
source for quantum protocols [17, 18, 19], with the advantage of being less fragile to noisy channels [20, 21] (see also
Refs. [22, 23] for recent reviews about quantum discord).
It is to be joined to this framework the notion of steering, a term coined in 1935 by Schro¨dinger [24, 25] within
the context of the Einstein-Podolsky-Rosen (EPR) paradox to name Alice’s ability in affecting Bob’s state through
her choice of measurement basis. Steering has been formalized in terms of a quantum information task involving
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bipartite states and measurement settings [26, 27, 28], in which case the existence of entanglement is necessary but
not sufficient. Recently, a closed formula for general two-qubit systems has been proposed [29] for two- and three-
measurements per site. Steerability of quantum states had been used for tasks involving randomness generation [30],
subchannel discrimination [31], quantum information processing [32], and one-sided device-independent processing
in quantum key distribution (QKD) [33], within which context a resource theory of steering has recently been formu-
lated [34]. Experimentally, steerability have been reported for Bell-local entangled states [35], entangled Gaussian
modes of light [36], and also in loophole-free experiments [37, 38, 39].
Finally, there is Bell nonlocality [40], a feature of those quantum states whose correlations cannot be explained
in terms of local hidden variables. Revealed by violations of Bell inequalities [2, 41], nonlocality has proven useful
for QKD [42, 43, 44], randomness generation [45], and quantum communication complexity [46]. An inequality
involving more than two-measurements per site, can be found in the Ref. [47].
Despite the indisputable relevance of the aforementioned witnesses of quantumness, it is fair to say that to the
date it is still not completely clear what is the essential connection among them, if any. Although these witnesses are
logically distinct, all of them agree in diagnosing whether a pure bipartite state is quantum correlated. On the other
hand, for mixed states the situation is quite different: There exist discordant states with no entanglement, entangled
states with no steering, and steerable states with no nonlocality. On the formal side, besides offering a rigorous
definition for steering, Wiseman et al [26] proved that steerable states are a strict subset of the entangled states, and
a strict superset of the states that can exhibit Bell nonlocality. These findings establish a formal hierarchy among
entanglement, steering, and Bell nonlocality specifically for the case of an infinite number of measurements, a clearly
impracticable situation. As far as realistic situations are considered, for which only a finite number of settings are
allowed and decoherence is generally inevitable, it is not clear whether this hierarchy will maintain, to which extent,
and what its consequences are.
This paper is devoted to discuss the above mentioned issues. We show that resources such as discord, entangle-
ment, steering, and Bell nonlocality obey a given hierarchy and, therefore, are fundamentally different. Our study
focus on the analysis of two-qubit X states and their dynamical evolution under general noisy quantum channels. In
Sec. 2, we introduce our notion of hierarchy in terms of resource diagrams. Sec. 3 introduces the measures of quantum
correlations we are interested in, namely, q-discord, entanglement, steering and Bell nonlocality. Section 4 is reserved
to our main results, involving hierarchy and robustness under noisy channels, and Sec. 5 closes the paper with our
final remarks.
2. Hierarchy and chronology in Q2 ×Q1 diagrams
Consider two different measures of quantum resources, Q1 and Q2, normalized in the real interval [0,1]. (Q1,Q2)
can assume any two of the measures under concern (discord, entanglement, steering, and nonlocality). Take a class of
states ρλ , parametrized by a set λ of parameters. Each state ρλ corresponds to a point (Q1(ρλ ),Q2(ρλ )) in a resource
diagram Q2 ×Q1. Typically, physical states are such that λ is dense, so that the set of points in the diagram forms
a region that is compact and connected (see the shaded area in Fig. 1). We are now ready to introduce our notion of
hierarchy between two measures of quantumness in terms of the diagram Q2×Q1 depicted in Fig. 1.
Definition 1 (Hierarchy).—If for a given class of states ρλ we can define a border f such that Q2(ρλ )> f (Q1(ρλ )),
with f (x) a non-negative continuous real function defined in the domain x ∈ [0,1], such that f (x) = 0 if and only if
x = 0 and f (x)> 0 for x > 0, then we say that a hierarchy denoted by Q1 ⊲Q2 holds, meaning that the existence of Q1
for this class of states necessarily implies the existence of Q2, while the converse is not true.
Remark 1.—Let f (x) be the tightest possible border, i.e., the one that limits the shaded region inferiorly. It follows
that ε f (x), with ε < 1, is a border as well. Then, if f exists, there will exist infinite borders. In addition, if f exists,
it will be possible to find a linear border flin = εx such that flin 6 f , equality for x = 0. Therefore, it is enough to
choose ε = minx f (x)x , ∀x ∈ (0,1]. On the other hand, choosing an arbitrarily small ε > 0 implies that the notion of
hierarchy demands the exclusion of the line (Q1,0), with Q1 ∈ (0,1].
The notion defined above allows us to conclude, for a given class of states, that if Q1 ⊲Q2, then any effort to
experimentally detect Q2 can be reduced to detections of Q1, as by the hierarchy it follows that the latter resource
implies the former. This concept is specially useful in situations involving dynamics within a restrict space. To
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Figure 1: Hierarchy Q1 ⊲Q2 defined by the border f (solid black line) for a given class of states.
appreciate this point, consider a dynamical process Φt , unitary or not, which maps a set of states onto itself, i.e.,
Φt(ρλ (0)) = ρλ (t). In this case, any point in the diagram Q2 ×Q1 will occupy another point in the same shaded area.
As a consequence, during the dynamics the underlying hierarchy will always be respected. If the system is subjected
to a Markovian noisy channel, in which all quantum correlations are expected to vanish in an irreversible way, the
dynamics of any point in the diagram can be represented by a trajectory towards the attractor (0,0). In particular,
only two types of trajectories can be found: (i) either both resources Q1 and Q2 vanish simultaneously (lower thick
red line in Fig. 1) or (ii) Q1 vanishes before Q2 (upper trajectory), so as to obey the hierarchy Q1 ⊲Q2. On the other
hand, for a non-Markovian process recurrences may occur, so that the trajectories may eventually resurge from (0,0)
and then posteriorly return to this attractor.
The abrupt change in the upper trajectory clearly signalizes a sudden death of Q1 whereas Q2 > 0. Let tQ1 be the
instant at which the sudden death of Q1 occurs. Later on, when the trajectory starts to follow the line (0,Q2 > 0), one
can have either the sudden death of Q2, say at a instant tQ2 , or its asymptotic vanishing (tQ2 → ∞). In either case, the
trajectory will reach attractor (0,0). We thus come to another contribution of this work: the existence of a hierarchy
Q1 ⊲Q2 necessarily implies a death chronology because the dynamics has to be such that tQ2 > tQ1 . This means that
Q2 is more robust than Q1 to the lossy channel in question. If such a hierarchy is indeed universal for resources Q1
and Q2, then we should never find a vertical trajectory like in the Q2 ×Q1 diagram. For non-Markovian processes,
sudden birth may also occur, as we will show later.
A further important point is the following. Consider other genuine measures of quantum resources, Q′k (k = 1,2),
that can be written in the form Q′k = gk(Qk). Being Q′k genuine and normalized by assumption, we must demand that
gk(x) = 0 if and only if x = 0 and gk(x)> 0 for x > 0. This is necessary in order to ensure that Q′k and Qk agree about
the existence or absence of the pertinent resource. For concreteness, one may take as an example the link between
entanglement of formation Q′1 = Eo f [48] and concurrence Q1 =C [49]; an analytic monotonically increasing function
g is known to exist such that Eo f = g(C). Now we can prove the following result.
Lemma 1.—Given the hierarchy Q1(ρλ )⊲Q2(ρλ ) for a class of states ρλ and functions gk(x) in the domain x ∈ [0,1]
such that gk(x) = 0 if and only if x = 0 and gk(x)> gk(0) for x > 0, then g1(Q1(ρλ ))⊲ g2(Q2(ρλ )).
Proof: By Remark 1, the hypothesis Q1(ρλ ) ⊲Q2(ρλ ) implies the absence of the line (Q1,0), ∀ Q1 ∈ (0,1] in the
Q2 ×Q1 diagram. It readily follows from the properties of g that the line (Q′1,0) is excluded from the diagram
Q′2×Q′1. Therefore, the hierarchy g1(Q1(ρλ ))⊲ g2(Q2(ρλ )) holds. 
This result is relevant because it ensures that we do not need to compare several measures of entanglement with several
measures of nonlocality, and similarly for the other resources. It is enough to compare only a genuine pair.
There are two other interesting aspects that can be revealed by resource diagrams (see Fig. 1). First, if a < 1
the situation is such that there are states for which Q1 and Q2 do not reach their maximal values simultaneously.
As far as entanglement and Bell nonlocality are concerned, this instance has been referred to in the literature as an
anomaly [50]. Second, if a = 1 and b = 0, the measures Q1 and Q2 agree in identifying states that have no correlation
and those which are maximally correlated. What remains in this case is just the issue of ordering, which is well-known
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for entanglement measures [51]. This motivates the notion of equivalence.
Definition 2 (Equivalence).—If for states ρλ the lines (Q1 > 0,0) and (0,Q2 > 0) are absent from the Q2 ×Q1
diagram and, in addition, Q1 reaches its extremal values (0 or 1) only when Q2 does, then we say that an equivalence
denoted by Q2 ≡ Q1 holds for these measures for the the class of states in question.
This means that in such a scenario we cannot refer to Q1 and Q2 as quantifiers of distinct resources.
In this section, we have defined notions such as hierarchy, death chronology, trajectory in the Q2Q1 space, anomaly,
and equivalence within the context of a Q2 ×Q1 diagram. Next we introduce the resource measures whose hierarchy
we are interested in assessing.
3. Quantum correlation measures
It is consensual in the scientific community that discord, entanglement, steering, and Bell nonlocality are concepts
associated with quantum correlations. However, since they are logically distinct in their essence, it seems inescapable
to conclude that they either capture distinct aspects of the quantum correlations contained in a given state or reveal
quantum correlations of distinct natures. Currently, the dominant view seems to regard these concepts as distinct
resources in certain protocols of quantum information and quantum communication. Regardless of the view one may
adopt, a relative characterization of such measures can provide some insight on the most fragile element defining the
quantum correlations. In this section we introduce the measures we are concerned with.
3.1. Generalized quantum discord
When a projective measurement, defined by a set {Πb} of projectors acting on HB, is performed locally on a
subsystem B, the global state ρ ∈ HA ⊗HB changes. Discord is a quantifier that captures this measurement-induced
disturbance. Originally, discord was introduced in entropic form as the difference between two classically equivalent
versions of the mutual information [15, 16]. Subsequently, a geometric version was derived in terms of the Schmidt
norm [52]. Recently, these two versions were unified in a measure called q-discord [53], which is defined as
Dq(ρ) = min
ΠB
(
Hq(ΠB[ρ ])−Hq(ρ)
)
, (1)
where Hq(ρ) = 1−Trρ
q
q−1 (q > 0∈R) is the Tsallis q-entropy and ΠB[ρ ] =∑b ΠbρΠb. The entropic (geometric) discord
is retrieved from the q-discord by setting q = 1 (q = 2). Interestingly, the q-discord has been shown to derive solely
from the Bayes rule deviation and to keep a link with the couple work-information within the framework of generalized
thermodynamic theories [53]. Recently, a conceptual connection has been established between the 1-discord (also
called thermal discord) and elements of reality [6].
3.2. Entanglement
Entanglement reflects the nonseparability of a quantum state, i.e., the fact that a nonseparable state cannot be
generated via local operations and classical communication. Among several well-known measures of two-qubit en-
tanglement [48, 49, 54] we pick concurrence [49],
E(ρ) = max
{
0,
√
λ1−
√
λ2−
√
λ3−
√
λ4
}
, (2)
where λi are eigenvalues in descending order of the matrix ρρ˜ , which is obtained after the computation of the spin-
flipped counterpart ρ˜ ≡ σy⊗σyρ∗σy⊗σy of ρ .
3.3. Steering
In 2007, Wiseman et al formalized the concept of steering [26], a term introduced by Schro¨dinger in a re-
ply [24, 25] to EPR. Steering aims to signalize the presence of quantum correlations that allow Alice to steer Bob’s
state through her choice of incompatible bases. Later on, a general theory of experimental steering criteria was de-
veloped [28] which revealed its practical appealing, as only a finite number n of measurements are required. Here we
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stick to the three-measurement criterion, since it has recently been demonstrated that steering based on two measure-
ments actually constitutes a nonlocality measure [29]. We say that a two-qubit system described by a quantum state
ρ is non-steerable in the three-measurement scenario if and only if
F3(ρ ,µ) =
1√
3
∣∣∣ 3∑
i=1
〈Ai⊗Bi〉
∣∣∣6 1, (3)
where Ai = uˆi ·~σ , Bi = vˆi ·~σ , ~σ = (σ1,σ2,σ3) is a vector composed of the Pauli matrices, uˆi ∈R3 are unit vectors, vˆi ∈
R
3 are orthonormal vectors, µ = {uˆ1, · · · , uˆn, vˆ1, · · · , vˆn} is the set of measurement directions, 〈Ai⊗Bi〉= Tr(ρAi⊗Bi),
and ρ ∈HA ⊗HB is some bipartite quantum state. A suitable measure of steering in the three-measurement scenario
is given by
S(ρ) := max
{
0, F3(ρ)− 1
Fmax3 − 1
}
, (4)
where F3(ρ) = maxµ F3(ρ ,µ) and Fmax3 = maxρ Fn(ρ). The inner maximization is taken over all measurement settings
µ , while the outer one selects maximal values that are greater than 1. As shown in Ref. [29], this measure has been
defined so as to ensure that S ∈ [0,1].
3.4. Bell nonlocality
Bell nonlocality, the property of a quantum state whose correlations cannot be explained in terms of any local
hidden variable model (LHVM), is generally detected by violations of Bell-like inequalities. For two-qubit systems,
the Clauser-Horne-Shimony-Holt (CHSH) inequality [41] is of particular interest because of its simplicity. It is written
as
B(ρ ,µ) := |Tr(ρ BCHSH)| ≤ 2, (5)
where BCHSH, a Bell operator acting on HA ⊗HB and involving Alice and Bob’s measurement settings µ , is conve-
niently conceived so as to ensure that the above inequality is satisfied for any ρ describable by a LHVM. Our measure
of Bell nonlocality is inspired by the results reported in Refs. [55, 56, 29] for two-qubit systems, by which one is able
to compute B(ρ) := maxµ B(ρ ,µ). The optimization selects the measurement setting µ that maximizes nonlocality.
Choosing a convenient normalization, we define the Bell nonlocality quantifier as
N(ρ) := max
{
0, B(ρ)− 2
Bmax(ρ)− 2
}
. (6)
Because B(ρ)6 Bmax(ρ) = 2
√
2 (Cirel’son’s bound), one has that N(ρ) ∈ [0,1].
Using the above measures, and their resulting analytical closed formulas for a given class of states, we present
in the next section numerical results pointing to a well defined hierarchy. Also, we provide studies of the implied
chronology of deaths and births for two-qubit systems under lossy channel in both the Markovian and non-Markovian
regimes.
4. Results
In this work we focus on real two-qubit X states [57] with maximal marginals. This is a class of three-parameter
states that can be written in terms of the Pauli matrices as ρ~c = 14
(
1⊗1+∑3i=1 ci σi⊗σi
)
, where 1 is the identity
matrix and~c = (c1,c2,c3) is a real vector with −1 ≤ ci ≤ 1. In matrix notation, one has that
ρ~c =
1
4


1+ c3 0 0 c1 − c2
0 1− c3 c1 + c2 0
0 c1 + c2 1− c3 0
c1− c2 0 0 1+ c3

 . (7)
For this class of states, all the quantum correlation measures have been analytically computed in the literature (see,
e.g., Refs.[29, 53] and references therein). The results can be expressed as in Table 1. Using these formulas, we
proceeded to an exhaustive statistical analysis involving the computation and comparison of these measures over 106
randomly generated vectors~c for each diagram.
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Table 1: Analytical results for the quantum correlation measures q-discord (Dq), entanglement (E), steering (S), and Bell non-
locality (N) for the two-qubit X state ρ~c given by Eq. (7). Here, {λi} are the eigenvalues of ρ~c, cmax ≡ max{|c1|, |c2|, |c3|},
cmin ≡ min{|c1|, |c2|, |c3|}, and c =
√
c21 +c
2
2 +c
2
3. A convenient normalization was introduced in the q-discord so as to yield
Dq ∈ [0,1].
Quantum correlation measures
Dq(ρ~c) = 11−21−q
[
4
∑
i=1
λ qi − (1+cmax)
q+(1−cmax)q
22q−1
]
E(ρ~c) = max
{
0, |c1−c2|−|1−c3|2 ,
|c1+c2|−|1+c3|
2
}
S(ρ~c) = max
{
0, c−1√3−1
}
N(ρ~c) = max
{
0,
√
c2−c2
min−1√
2−1
}
4.1. Equivalence of all q-discords
Figure 2: (Color online) Diagrams Dq ×Dq+ε . Each graph contains 106 randomly generated (cyan) points, each one corresponding to a state ρ~c
and a given ε randomly generated within the interval [0,εmax], with εmax = 3. The lower and upper bounds (dashed black lines) are given by the
formulas (8). In these calculations we have employed (a) q = 0.05, (b) q = 1, (c) q = 3, (d) q = 5, and (e) q = 7.
Figure 2 shows our numerical results for Dq×Dq+ε diagrams with 0.056 q6 7 and ε a randomly generated real
number in [0,εmax]. For these diagrams, we have empirically found the following bounds (represented in Fig. 2 by
solid black lines):
Dq = D
(
qs
qs+εmax
)
q+ε , with s = 1 (upper bound), (8a)
Dq = D
(
qs+εmax
qs
)
q+ε , with s = 4 (lower bound). (8b)
We have checked these bounds for a number of values of q and εmax, with ε ∈ [0,εmax], having found no violation. As
is suggested by the diagrams presented in Fig. 2 and corroborated by the analytical bounds (8), the lines (Dq+ε > 0,0)
and (0,Dq > 0) are excluded from all Dq×Dq+ε diagrams. It follows from this analysis and Definition 2, that:
Result 1.—All q-discords are equivalent for states ρ~c, i.e., Dq ≡ Dq+ε , ∀(q,ε)> 0.
This means that Dq and Dq′ 6=q will always agree whether a given state ρ~c possesses either null or maximal discord.
As a consequence, we do not need to investigate the hierarchy respected by each q-discord in relation to the other
correlation measures; a single value, say q = 1, suffices.
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4.2. Hierarchy of quantum resources
Our numerical results for the hierarchy of resources are shown in Fig. 3. The lower bounds shown in the diagrams
correspond to the parametric plot Q2 ×Q1 for the state~c = (u,u,−1), with u ∈ [0,1]. They can be written as
D1(E) =
2E arctanE + ln(1−E2)
ln4
, (9a)
E(S) =
√[
S(
√
3− 1)+ 1]2− 1
2 , (9b)
S(N) =
√
1+ 2N2− 1√
3− 1 . (9c)
The upper bounds cannot be exhibited as analytical functions, as they contain the line (0,Q2), but they can be nu-
merically computed and presented in a parametric plot. While for the diagrams E × S and S×N the upper bound is
furnished by the Werner state~c =−u(1,1,1), with u ∈ [0,1], in D1×E the same Werner state competes with the state
~c = (u,−u,2u− 1), with u ∈ [0,1] (represented by a dashed black line).
Figure 3: (Color online) Diagrams D1×E (first graph), E×S (middle graph), and S×N (third graph). Each graph contains 106 randomly generated
(cyan) points, each one corresponding to a state ρ~c. The lower bounds (solid black lines) are given by formulas (9). See text for details about the
upper bounds.
These observations allow us to state the following result.
Result 2.—The hierarchy of quantum resources for states ρ~c is given by N ⊲ S ⊲E ⊲D1 ≡ Dq.
The equivalence D1 ≡Dq comes by Result 1. It is worth noticing that these results are in full agreement with analytical
results involving entanglement, steering, and Bell nonlocality reported in Ref. [29]. Also, it is clear that no anomaly
appears in the present scenario.
A remark is now opportune. Due to certain degree of arbitrariness involved in the definition of the measures in
question, it is not possible to ascribe unambiguous meaning to their absolute values. Then, the shape of the shaded
regions in Fig. 3 and their bounds inevitably depend on the chosen definitions. There is, however, one aspect that is
invariant, namely, the fact that there should not be any two-qubit X state that is entangled and nondiscordant, steerable
and separable, Bell local and non-steerable. The hierarchy expressed by Result 2 reveals quantum resources that are
strictly necessary for the existence of others.
4.3. Chronology of “deaths” and “births” in noisy channels
An immediate consequence of the above results is that the quantum resources under concern will accordingly
exhibit a hierarchy of robustness under arbitrary lossy channels. This is so because if Q1 ⊲Q2 holds, then Q2 cannot
vanish before Q1. It follows that q-discord is the most resistant resource, successively followed by entanglement,
steering, and Bell nonlocality. In other words, it is Bell nonlocality that is expected to be suppressed in first place
under noisy channels. Due to the discontinuous character inherent to the maximization procedures in our measures, it
is then natural to expect the occurrence of sudden deaths and sudden births under lossy dynamics, which must occur
according to a chronological ordering obeying the hierarchy N ⊲ S ⊲E ⊲Dq. In what follows, we verify this point in a
concrete scenario.
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Consider a situation in which a state ρ~c is subjected to noisy channels. To describe such a lossy dynamics, we
employ the operator-sum representation formalism (Kraus representation) [8], which implements general effects of
independent noisy channels through a mapping E defined as
E (ρ)≡∑
i j
(Ki⊗K j)ρ (Ki⊗K j)†, (10)
where ∑i K†i Ki = 1. {Ki} is a set of Kraus operators defining a given trace-preserving quantum operation. Among the
variety of known quantum channels, there is a subset that maps X states onto X states. These channels are built with
the Kraus sets listed in Table 2. It is just an exercise to show that for those channels it holds that E (ρ~c) = ρ~c ′ , where
~c ′ is obtained according to the prescriptions presented in Table 3. For simplicity, we restricted ourselves to the case
in which both qubits are subjected to the same quantum channel.
Table 2: Kraus operators for the quantum channels: bit flip (BF), bit-phase flip (BPF), phase flip (PF), depolarizing (DP), and
generalized amplitude damping (GAD), where p and γ are noise probabilities.
Channel Kraus operators
BF K0 =
√
1− p/21, K1 =
√
p/2σ1.
BPF K0 =
√
1− p/21, K1 =
√
p/2σ2.
PF K0 =
√
1− p/21, K1 =
√
p/2σ3.
DP K0 =
√
1− 3p/41, K1,2,3 =
√
p/4σ1,2,3.
GAD K0 = 1√2
(
1 0
0
√
1−γ
)
, K2 = 1√2
(√
1−γ 0
0 1
)
,
K1 = 1√2
(
0 √γ
0 0
)
, K3 = 1√2
(
0 0√γ 0
)
.
Table 3: Transformation rules~c E7→~c ′ emerging from the mapping E (ρ~c) = ρ~c ′ associated with the quantum channels: bit flip (BF),
bit-phase flip (BPF), phase flip (PF), depolarizing (DP), and generalized amplitude damping (GAD). Here we consider that both
qubits are subjected to the same quantum channel.
Channel c′1 c′2 c′3
BF c1 c2(1− p)2 c3(1− p)2
BPF c1(1− p)2 c2 c3(1− p)2
PF c1(1− p)2 c2(1− p)2 c3
DP c1(1− p)2 c2(1− p)2 c3(1− p)2
GAD c1(1− γ) c2(1− γ) c3(1− γ)2
The relevance of such maps to the present work relies on the fact that the shaded area in a diagram Q2 ×Q1
constitutes both the domain and the image space for theses maps, so that the resource hierarchy will be respected for
all times. This remark, along with the well-known asymptotic behaviour of discord, gives support to the following
statement.
Result 3.—Let tQ and τQ be the shortest instants of time at which the resource Q vanishes and resurges, respectively,
in a lossy dynamics. For states ρ~c, a death chronology and a birth chronology hold such that tDq > tE > tS > tN , with
tDq = ∞, and τN > τS > τE .
Next, we provide some illustrations of a strict form of these chronologies by introducing time dependence in the
parameters p and γ .
4.3.1. Markovian channels
Here we take the usual parametrization
p(t) = γ(t) = 1− e−t/2, (11)
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where t = Γτ is a dimensionless time scale that makes reference to the physical time τ in units of a given relaxation
time Γ−1. Without any generality loss, hereafter we will assume that Γ = 1 [a.u.], so that t is equivalent to the physical
time τ . For any of the channels given in Table 2, it can be analytically checked from the results presented in Table 1 that
at the equilibrium (t → ∞) no resource survives, i.e., limt→∞ Q(Et(ρ~c)) = limt→∞ Q(ρ~c ′(t))→ 0. Furthermore, from
the results presented in Table 3 and the asymptotic behaviour of p(t) and γ(t), we see that no recurrence can take place
for any resource, which signalizes that the model (11) suitably implements the physics of Markovian channels. Most
importantly, from a thorough analysis of the analytical results of Tables 1 and 3 and extensive numerical simulations,
we found the following result.
Result 4.—Excluding a set of measure zero, which is defined by the pure states
~c = {(−1,−1,−1),(−1,1,1),(1,−1,1),(1,1,−1)}, (12)
all of which corresponding to the extremal point (1,1) in the diagrams Q2×Q1 and for which the death of all resources
occur only asymptotically (t = ∞) for channels DP and GAD, all states ρ~c lead to sudden death of entanglement,
steering, and nonlocality for all the channels in Table 2 with the Markovian model (11).
This means that except for a set of measure zero, all states ρ~c will display abrupt suppression of entanglement,
steering, and nonlocality at certain times obeying the chronology stated in Result 3, and asymptotic suppression of
discord. This scenario is illustrated in Fig. 4 for a Markovian channel.
Figure 4: (Color online) Snapshots with t1 = 0.1 (upper diagrams), t2 = 0.3 (middle diagrams), and t3 = 0.7 (lower diagrams) for the time evolution
of 55×104 states ρ~c (cyan points) under a Markovian DP channel. At the instant t0 = 0 the scenario is as in Fig. 3. The tick red line is the trajectory
referring to the state ~c = (−0.71,−0.75,−0.95), whose behaviour is typical, and the red bullet is the position of this state at the instants t1,2,3.
Notice the sudden death dynamics for all resources except discord.
Figure 5 gives an illustration of two trajectories in three-dimensional diagrams N × S× E . These trajectories
represent the time evolution of two states ρ~c under three distinct channels, namely, PF, DP, and GAP. Although only
two states are shown, these examples are representative of the only two types of behaviour we can have for Markovian
trajectories in this context, namely, a trajectory either moves asymptotically to the attractor, as in Fig. 5(a), or displays
successive abrupt changes obeying the resource hierarchy, which is the typical behavior.
An illustration of the sudden death chronology can be given for initial states with ~c = (u,u,v), v−12 6 u 6
1−v
2 ,
and −1 6 v6 1, under a phase flip (PF) channel. In this case, we can analytically derive the following sudden-death
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Figure 5: (Color online) Three-dimensional diagram N × S×E showing the time evolution of the states ~c = (−1,−1,−1) (solid red line) and
~c = (0.84,0.91,−0.84) (dashed blue line) under channels (a) PF, (b) DP, and (c) GAD. Notice that for the pure state~c = (−1,−1,−1) under a PF
channel the disappearance of resources occur asymptotically (see Result 4).
times:
tE = ln
(
2|u|
1+ v
)
, (13a)
tS =
1
2
ln
(
2u2
1− v2
)
=
tE
2
− ln
√
(1− v)
|u| , (13b)
tN =
1
2
max
[
ln
(
u2
1− v2
)
, ln
(
2u2
)]
= max
[
tS − ln
√
2 , tS + ln
√
1− v2
]
. (13c)
By the domain of u, we see that 1−v|u| > 2, which leads to tS 6
tE
2 − ln
√
2. On the other hand, by the domain of v, we
see that ln
√
1− v2 is strictly non-positive, so that tN = tS −min[ln
√
2, | ln
√
1− v2|]. From these results it follows the
strict chronology tN < tS < tE , which is in accordance with Result 3.
4.3.2. Non-Markovian channels
It is possible to implement non-Markovian dynamics in the formalism by taking the same Kraus operators as
before but introducing the following noise probabilities [58]:
p(t) = γ(t) = 1− e−λ t
[
cos
( t
2
)
+λ sin
( t
2
)]
, (14)
where λ is a decay rate. With this and the analytical results presented in Tables 1 and 3, we can illustrate the birth
chronology pointed out in Result 3. In Fig. 6 we show the time evolution of a Werner state under a non-Markovian PF
channel. The presence of recurrences in the quantum correlation measures Q are signatures of the residual reversibility
characteristic of non-Markovian channels. Most interesting, we can clearly see in the magnification provided by
Fig. 6(b) the occurrence of both sudden deaths and sudden births of entanglement, steering, and nonlocality, always
respecting the chronology demanded by Result 3. Quantum discord, by its turn, disappears and resurges smoothly.
Although not shown in the figure, for sufficiently longer times one verifies that Q(ρ~c)→ 0.
5. Summary
In this work, by use of analytical results and convenient statistical tools, such as the resource diagrams, we demon-
strated that quantum resources such as q-discord, entanglement, steering, and Bell nonlocality obey a hierarchy for the
class of real two-qubit X states. This means that for these states, the presence of Bell nonlocality guarantees the pres-
ence of steering, and the presence of steering guarantees the presence of entanglement, and entanglement guarantees
q-discord. In addition, we have shown that all q-discord are equivalent to the thermal discord D1.
As a direct consequence of the observed hierarchy, we found a corresponding hierarchy of robustness under
generic noisy channels. This implies a necessary chronology of (sudden) deaths and (sudden) births for the resources
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Figure 6: (a) Quantum resources Q(ρ~c) as a function of the dimensionless time, where Q = D1 (solid black line), Q = E (dashed red line), Q = S
(blue dotted line), and Q = N (green dotted-dashed line). These results refer to the dynamics of the Werner state ~c = (−0.8,−0.8,−0.8) in a PF
channel with decay rate λ = 0.01 [a.u.]. Graph (b) is a magnification of a convenient time domain by which we can observe the chronology of
deaths and births.
in question. Discord has shown to be the most robust resource, completely disappearing only asymptotically. Further-
more, we have found that the phenomenon of sudden death of entanglement, steering, and Bell nonlocality actually
is the rule rather than the exception for this class of states. In fact, only a set of states of measure zero does not
present sudden death under Markovian channels. Finally, we have also investigated non-Markovian noisy channels
and verified the expected chronology of sudden births.
Our findings give strong support to the hierarchy predicted by Refs. [26, 27, 29] for entanglement, steering, and
nonlocality in scenarios involving few measurements per site. Moreover, we have shown how to locate q-discord over
this hierarchy. The evidences here provided refer to a particular scenario, so the question naturally arises whether the
observed hierarchy of quantum resources will be respected in more general contexts involving several measurements
per site, multipartite systems, and Hilbert spaces of higher dimension. This is an open question that delineates an
interesting research program.
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